We discuss the Оptical Stochastic Cooling (OSC) method in applications to the beams of charged particles, circulating in accelerators and storage rings. In this publication we concentrated on various OSC schemes in a diluted beam approximation, when the heating of selected particle by its neighboring ones could be neglected. Even so, this approximation allows us to identify important features in the beam cooling. In the forthcoming publication, on the basis of approach developed here, we will include effects of heating in the dynamics of cooling.
INTRODUCTION
The term "particle beam cooling" means reduction in the six-dimensional phase space (emittance) occupied by this beam. The smaller the beam emittance is and the greater the number of particles in it, the less the product of the geometrical sizes and quantities of momentum spread in the beam-brighter is the light source based on this beam, and higher the luminosity of the colliding beams is in experiments on high-energy physics. This is a relevance of the topic of cooling.
The most general scheme of optical stochastic cooling of charged particles beams is shown in Fig. 1 . It uses a signal undulator (pickup), an optical line with adjustable delay, an optical amplifier (OA), the optical filters, lenses, a mobile screen, one or more corrective undulators (kickers). In the area between the pickup and kicker undulators (bypass) the magnetic structure used which allows a beam passage with the lowest possible distortion of its spatial structure. In the optical pickup undulator of cooling system the relativistic particles emit electromagnetic waves in the form of undulator wave packets (UWP) with the number of periods equal to the number of undulator periods, M. These packages are moving in the direction of undulator axis, then enhanced by the broadband OA and enter the kicker undulator simultaneously with the particles emitted their UWP. In this kicker undulator the UWP amplified is correcting the particle trajectory.
Fast movable screen, which is located in the image plane of the beam, produces selection (screening) of unnecessary parts of UWP, which now becomes a function of particle's energy and deviation from its instantaneous radial orbit. The delay line is used for arrangement of congruence of the beam of particles with UWP at required phase (phase delay).
In this paper, a unified description covers the basics of theory of optical stochastic cooling methods of particle beams (electrons, ions, muons) in storage rings and discusses theirs advantages and disadvantages. Substantially in the optical stochastic cooling techniques the idea of a conventional microwave stochastic cooling further developed [1] . Practically in all publications on optical stochastic cooling the undulators is proposed to use as a signal and control devices (pickup and kicker) 1 . The method of optical stochastic cooling (OSC) has been proposed in [2] . Method of transit time options of OSC optical cooling (TTOSC) was developed in [3] . In [4] a method was proposed for enhanced (rapid) optical cooling (EOC). In the method of OSC it was proposed to use a quadrupole undulator as a signal pickup, and in TTOSC and EOC methods -conventional (dipole) undulators are in use. In the EOC method it was proposed to use a special system for selection of UWP by a movable screen which makes parameters of UWP sensitive to the sign of particle's deviation from its instantaneous orbit, while entering the pickup undulator. Here it was drawn attention to the importance of taking into account the quantum nature of the emission of UWP and to the grouping of particles in equilibrium regions with different energies [4] .
The main feature of the methods of optical stochastic cooling in comparison with the classical scheme [1] , is that in the optical methods the signal (UWP) does not bear a DC component and it is a harmonically varying function of time (longitudinal coordinate) at distances much smaller, than the bunch length. By analogy with the classical scheme [1] , the particle beam cooling occurs due to the interaction of particles with theirs own amplified UWP in the field of kicker undulator, leading to a change in the energy of these particles (see item 3). For doing this, the kicker undulator is located at the place of orbit, where there is a dependence of the transverse position of particle on the energy (dispersion), see Figure 2 . Figure 1 . Scheme of optical cooling (above) and its disclosed optical structure (below).
It is thus seen that the circuit of (optical) stochastic cooling is some kind of feedback serving the loop: beam-amplifier-beam. Let us make few preliminary remarks. In any method of stochastic cooling, including an optical one, the bandwidth in which the amplifier operates plays a key role [1] - [5] . If the microwave amplifier in microwave stochastic cooling system overlaps bandwidth of several GHz, the optical bandwidth can be expected 10 4 times greater. This leads to the fact that it is possible to distinguish the structure of the bunch on the distances of a few micrometers, thereby minimizing the influence of neighboring particles on any selected one and to accelerate the cooling process significantly. N the number of turns required for damping of transverse oscillations is~1, but the amplification of UWP in optical amplifier in this case becomes non practical, so it requires a many-turn damping anyway. Even more-despite of this simplification, it is possible to identify the set of very interesting details of the cooling process and to understand the peculiarities of different variants of OSC. These are: self-stimulated radiation in undulator, described first in [6] , [7] , quantum effects reflecting the peculiarities of radiation when the amount of energy radiated in undulator is not enough to build up the energy of quanta [4] , [8] . Also, there was attracted attention to the fact, that the energy of quanta radiated by a particle in undulator is 2Ê , while the kick isỄ , whereÊ -is the strength of electromagnetic wave in UWP.
Complete presentation of the cooling process, corresponding
1>
S N , will be presented in a forthcoming publication.
BASICS FROM CYCLIC ACCELERATORS
In circular accelerators and storage rings the charged particles move in closed annular magnetic systems consisting of bending magnets separated by the straight sections, which contains the focusing lenses, the injection and ejection systems, radio frequency (RF) accelerating cavities, beam observation system, undulators and other equipment. The vacuum chamber running through all the elements of the magnetic system separates the region occupied by the beam from the outer space.
The motion of particles is described in a curvilinear coordinates x, z, s, where x, z -are the transverse and s -is the longitudinal coordinate measured along the selected instant (closed) orbit from some start point. Typically the basis of selected ideal instantaneous plane orbit is located in a horizontal plane. Real distortions of the orbit calculated on the base of measurements of magnetic fields generated by the bending and focusing elements of structure as well as on drive through numerous surveillance methods of circulating beam. In the bending magnets the particle trajectories are close to a circle, and in linear sections -to the straight lines. Circumference of instant particle orbit С is proportional to their current momentum p .
The equilibrium particle orbit is a such instantaneous orbit at which the frequency of revolution / s ss Сv w = is equal or less than an integer multiple of accelerating RF frequency, RF w . Hereinafter, an index s value designated to equilibrium, and v -is the speed of particles.
Motion of particle in a storage ring is described by equations having periodic coefficients. The period may be the associated with the instantaneous circumference of the orbit of the particles С .
If the magnetic structure has a symmetry of the order m, then the length of period is equal to C/m. In the horizontal plane the trajectories of particles can be described as sum of two functions, one of which-() xs h describes the deviation of the instantaneous orbit from the equilibrium one at the position of the particle, and the other 
could be calculated analytically (in simplest case) or numerically and could be represented as tables and graphs [9] - [11] . Here ,
-is the number of betatron oscillations per revolution committed by particle, () Rs is the instant bending radius in the magnets. 
where , () The origin of signal arranged at the entrance of the undulator. In this case, the deviation of particle at this place on the n-th turn, according to (4) has the form
There are two modes of cooling beams of particles in the storage rings. These modes are switched off/on the accelerating RF voltage across the gap of the accelerating cavity drive. Off mode RF voltage can be used for cooling of heavy particles (protons, muons, charged ions) when synchrotron radiation of particles could be neglected. Particles in the on mode accelerating RF voltage driving the resonator make stable phase oscillations in the longitudinal phase space bounded by a separatrix. They are grouped around the synchronous particle moving with the frequency of RF voltage applied across the gap of resonator. RF cavity is out of the cooling system of the beam. Possible is usage of two cooling circuits. One of these is concentrated on rapid cooling rate in the longitudinal and the second one-in the transverse directions.
BASICS FROM UNDULATOR RADIATION
Undulator -is a device which is forming a periodic static or a time-varying electromagnetic field along an axis. Charged particles are moving in a direction close to the axis of the undulator, perform in this field periodic vibrational reciprocating motion, i.e. represent the oscillators which are moving with an average velocity || vv < r
where v r -the vector of mean particle velocity.
Such oscillators in accordance with the relativistic Doppler effect, emit an undulator radiation in a direction of their average velocity, with the carrier frequency coinciding with the first harmonic, which is 11 2/ сс с w pl = in the relativistic case and the corresponding wavelength
where u l -is period of undulator, g -is a relativistic factor,
b^ is -the dispersion of the transverse relative velocity of the particle,
r is the vector of particle's transverse velocity [12] - [14] . Modern lit- The trajectories of particles in undulators typically represent the form of sine waves or spirals. Transverse oscillations of the particles in the aggregate field of kicker undulator and in the field of UWP, amplified in the OA, changes the energy of the particle. Thus, in a simplest case of helical trajectories in the helical undulator and a circularly-polarized wave, the energy change becomes
-is the length of kicker undulator, j -is the entry phase of the particle in the UWP.
BASICS FROM THE TRANSIT-TIME METHOD IN OSC (TTOSC)
Let us call the reference (refer) particle, which has a predetermined energy r e , zero amplitude of betatron oscillations and which enters the kicker undulator simultaneously with its emitted UWP. Such a particle moves along a closed orbit of the reference, has zero phase and, in the absence of screening (case OSC) -the maximum rate of energy loss by [4] 22 max 2 1,min
where ampl a -is an amplification of OA, function 
cl ph N F >= , r f -is a revolution frequency of particle, kick N -is the number of kicker undulators, [4] , [12] - [14] . In general, the imaginary particle can serve as a reference one if there is no particle with required energy and direction of its velocity.
А. Beam cooling with RF turned off.
If the RF drive system is off, the radiative energy loss of the particles can be neglected, no screening, the rate of change of the particle energy in the drive during its interaction with its own UWP in a kicker undulator is determined by the average power max ( ) cos
where ,, in in in hb j jj =+-is the inlet phase of particle with respect to UWP at the entrance in the kicker undulator. The magnitude ,1 in с t hh jw =D is the phase shift of the particle at the kicker entry; this particle does not commit betatron oscillations due to the deviation of its energy from the reference energy D -is the difference between the times of passing particles, with and without betatron oscillations on the ways from the entrance into the signal (pickup) undulator down to the entering into the kicker undulator
Sign <> denotes averaging in (7) over large number n of particle passages through the pickup undulator; it takes into account dependence of the magnitude and sign of the phase jumps of the particle phase
at the entry in UWP due to betatron oscillations of the particle at the entrance to the undulator signal (see below). Energy deviation from the reference particle's energy and the betatron oscillations of particle alter the length of it's path between the signal and kicker undulators The increment of the path length , pk L between the signal and kicker undulator, due to the deviation from the reference energy of the particle energy and betatron oscillations of the particles is given by
where
, x b and z b -are the transverse coordinates of particle, () s rr = -is the local radius of curvature in bending magnets [9] - [11] . Deviations of sought entry phase of the particles in their emitted and amplified UWP at the entrance into the kicker undulator, according to expressions (4), (9) dT dp h = -is a similar slippage factor, but with a different coefficient [4] .
Phase deviation , in b j D , according to (5) , in the first approximation can be written as
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From the expressions (11) and (12) it follows that the entry phase deviation of particle in j D depends smoothly on its energy and on the amplitude of betatron oscillations. In this case it is done very differently in the magnitude and sign of jumps from the turn number to turn over number of particle n. For example, the introduction in a cooling system an additional bending magnet with the length B Mx L l << , in accordance with (11), leads to a change in the phase jump, and the energy of particle passing through it when a deviation in amplitude close to a first approximation, becomes equal to 
Here T -is the period of revolution in a storage ring, ,, 
then the value and sign of jumps of energy could change from turn to turn negatively affects the cooling rate of the peripheral particles. Therefore, the portion of the magnetic structure of the cooling system drive, bypass, according to (11) , it is desirable to approach the isochronous motion by betatron oscillations (
In a second smooth approximation ( The rate of change of the particle's energy in the storage ring, according to (7) , is proportional to the magnitude cos in j á ñ= 
where K=N/2 -is the number of pairs of instantaneous jumps of orbit. Averaging procedure in this expression can be simplified, leaving remnants of the arguments of its phases (12)).
b. Beam cooling in a transverse phase space.
Betatron oscillations of particles lead to the length increase of its path between the signal and kicker undulators and to corresponding phase shift of particle's entry into the UWP at the entrance into the kicker undulator (12)). Hence, according to (14) , it follows that the jump in energy () depend on the initial deviation of the particle at the entrance to the undulator signal. Roughly, on the same amount the amplitude of the betatron oscillations of the particle is changed [4] , [8] .
For cooling of particle beam in the transverse phase space it is necessary to create conditions under which the jumps of instant particle orbits decelerated at the entrance to the kicker undulator for negative deviations from their instant orbits were on average more jumps of instant particle orbits are at positive deviations from these orbits. Then the particle, having a negative deviation from the instantaneous orbit, at the first jump of the instantaneous orbit position, will be closer to it than to be retired from it, having a positive deviation. In this case, each pair of such jumps will lead to a decrease in the amplitude of radial betatron oscillations and the beam will be cooled as a whole.
The difference between amplitudes of betatron oscillations of irregular particles corresponding positive and negative deviations from its instantaneous orbit 
From (26) . The average rate of change of the particle's energy in the storage ring for small deviations from the equilibrium energy of the particle is proportional to the value
For optimal performance of the method TTOSC, the phase space region occupied by the particle beam, should be positioned in the first energy region and the first phase zone adjacent to the axis s (radial and vertical). By selecting the appropriate value of the local slip factor, the coeffi-
, the magnitudes and signs of the dispersion function in sections of pickup and kicker undulator, and by coupling of vertical and horizontal betatron oscillations it becomes possible to cool the particle beam in the vertical plane. In this case, the particle beam with a spread of betatron oscillation amplitudes defined by expression e (see Fig. 2 ). In this case, closer the initial phase , in h j to the equilibrium phase particles and smaller the amplitude of the betatron oscillations of the particles, -the lower is the rate of convergence of the particle energy with an equilibrium energy and lower the rate of decrease of betatron oscillation is (see (20) , (26)).
The transport system of the undulator beam from the pickup to kicker undulator configured so that at the beginning of the cooling process, the energy spread of the beam corresponds to a range of phases . UWP amplitude selected maximum amplitude for the selected OA, does not depend on the current situation, so as to maximize the rate of cooling. It is assumed that the cooling time is much greater than the orbital period of particles in the drive. The cooling rate of the particle beam is inversely proportional to the amplitude of the UWP. Therefore the pickup undulator field should be chosen closer to the optimal one (undulator strength parameter).
The amplitude of UWP selected as a maximum one for the chosen OA, which does not depend on the current moment, so as to maximize the rate of cooling. It is assumed that the cooling time is much greater than the orbital period of particles in the ring. The cooling rate of particle beam is inversely proportional to the amplitude of the UWP. Therefore the pickup undulator field should be chosen closer to the optimal (undulator strength parameter 1 K ).
B. Cooling with RF turned on. In the method of TTOSC, the equilibrium particle with respect to its amplified UWP should be both relatively synchronous with the driving RF voltage at the resonator. In this case, the particle beam is cooled to about as well as for the RF voltage is switched off. In the initial state, the entire beam must be in the first half of the energy band in the longitudinal phase space between the phases 
METHOD OF ENHANCED OPTICAL COOLING (EOC)
We noted above that in the method TTOSC, the interaction of particle in a kicker undulator with the half of UWP emitted by particles in the pickup undulator and amplified in the OA, increases the amplitude of the betatron oscillations of the particles. The amplitude attenuation effect of betatron oscillations of the particles in this case arises in some regions of phase space due to the difference of average values of positive and negative jumps of instant particle orbits in these areas.
In the cooling method EOC the path for UWP which lead to increase in the amplitude of the betatron oscillations of particles, is overlapped by the movable screen mounted in the image plane of the optical system drive. On this plane the distribution of particles in the pickup undulator is projected, which contains the information about direction of the deviation of these particles on their instant orbits radially and vertically and allowing selection emitted UWP by this screen. The distance between the signal and kicker undulators is chosen so that the phase shift of the betatron oscillations of particles equal value ) ( 2 k = -are integers. In this case, the particle having in a pickup undulator positive deviation from its instantaneous orbit in the kicker undulator will have negative deviation -a necessary condition for the cooling of particle beam.
А. EOC with RF turned off.
In selecting of UWP in EOC the value (27) Accordingly, the rate of change of the amplitude of the betatron oscillations of the particle, according to (25) and (27) will be Cooling particles in this embodiment EOC will occur in all areas of energy and transverse radial zones of the phase space. This option is a preferred one for rapid cooling of the betatron amplitudes in the particle beam.
b) The pick-up undulator installed in the straight section having nonzero dispersion function. In this case, the image size of the beam is defined as the amplitudes of betatron oscillations of particles and energy spread of the beam. The screen moves so that it opens first the way to UWP emitted by particles having a large energy and positive deviations from their instant orbits. In the kicker undulator, installed in the straight section of storage ring, the deviation of particles from the instantaneous orbit at the same turn is negative. Therefore, the energy loss by the beam particles in this case is always accompanied by convergence of energy with energy corresponding to the equi- 
B. EOC with RF turned on.
Various embodiments of the EOC in this mode are possible. a) Pickup undulator installed in the straight section of damping ring with big dispersion and with small beta function. Equilibrium with respect to UWP energy of the particle r e corresponding to the equilibrium phase ,,
/2
i nr h jp = -is set below the synchronous particle energy s e to the voltage on the RF cavity of the ring. The screen covers UWP emitted by the particles moving in instant orbits corresponds to the energy of these particles s ee < . The kicker undulator installed in the straight section of the storage ring which also has a big dispersion and a small beta function at this location.
In this case, the particles moving at the top of the longitudinal phase space bounded by a separatrix ( s ee > ) become decelerated in the electric field of UWP, and their amplitude of phase and betatron oscillations are reduced. In the lower region ( s ee < ), the interaction of particles with UWP and thus the damping or buildup of the phase and betatron oscillations is missing. Therefore, the energy loss rate and the amplitude of betatron oscillations of the beam particles remain to be close to the maximum. b) Pick-up undulator installed in the straight section of damping ring with zero dispersion and large beta function. Equilibrium with respect to the UWP energy of the particle r e corresponding to the equilibrium phase ,,
i nr h jp = -is set below the synchronous particle energy s e to the voltage on the RF cavity of the ring. The screen covers UWP emitted by the particles moving in instant orbits corresponding to the energy s ee < of these particles. The kicker undulator installed in a straight section of the ring having large dispersion and small beta function.
In this case, the particles moving at the top of the longitudinal phase space bounded by a separatrix ( s ee > ) decelerated in the electric field of UWP, and theirs amplitudes of betatron and phase oscillations are reduced. At the bottom of separatrix ( s ee < ) interaction of particles with UWP and, hence, an attenuation or the buildup phase and betatron oscillations are absent. Therefore, the energy and amplitude of the particle betatron oscillations loss rate in the beam remain close to the maximum possible.
EOC disadvantage is limitation on the accuracy of measuring the position of the particles in the pickup undulator associated with the diffraction limit in electrodynamics [4] .
OSC WITH QUADRUPOLE PICKUP UNDULATOR
а. Radiation of a particle in a quadrupole undulator.
In the OSC scheme [2] , a quadrupole undulator used as a pick-up undulator. In this undulator the transverse component of magnetic field near the axis is a linear function of the transverse coordinate and alternating function of the longitudinal coordinate s. The conventional system of quadrupole lenses with alternating polarity could serve as a quadrupole undulator. In this case, the focal length of each lens must be bigger than the distance L between them. Selection of the desired optical signal component in this case could be accomplished by using the polarizer.
Thus, bit shifted transversely by the amount (1 where g -is gradient magnetic field lens. For a particle moving with an offset x relative to the central path, the field looks like an ordinary dipole undulator field with an amplitude proportional to the displacement of the particle. Therefore, the power of radiation of the beam in a quadrupole wiggler at any current moment of cooling is less than at the beginning of the cooling process.
The number of photons of undulator radiation emitted by particle in the spectral band
